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Abstract—In a power grid, the electricity supply and demand
must be balanced at all times to maintain the system’s frequency.
In practice, the grid operator achieves this balance by procuring
frequency reserves in an ahead-of-time market setting. During
runtime, these reserves are then dispatched whenever there is
an imbalance in the grid. Recently, there has been an increasing
interest in engaging electricity consumers, such as plug-in electric
vehicles or buildings, to offer such frequency reserves by exploit-
ing their flexibility in power consumption. In this work, we focus
on an aggregation of buildings that places a joint bid on a reserve
market. The resulting shared decision is modeled as a large-scale
optimization problem. Our main contribution is to show that the
aggregation can make its decision in a computationally efficient
and conceptually meaningful way, by using the alternating di-
rection method of multipliers (ADMM). The proposed approach
exhibits several attractive features that include (i) the computa-
tional burden is distributed between the buildings; (ii) the setup
naturally provides privacy and flexibility; (iii) the iterative algo-
rithm can be stopped at any time, providing a feasible (though
suboptimal) solution; and (iv) the algorithm provides the founda-
tion for a reward distribution scheme that strengthens the group.
I. INTRODUCTION
COUNTRIES around the world are integrating renewableenergy sources into their power systems. The electricity
production of weather-dependent renewable energy sources,
such as wind turbines and photovoltaics, is volatile. This
increases the uncertainty in the grid operation and challenges
the balance of electricity supply and demand. To maintain the
active power balance and regulating the grid frequency, grid
operators procure ancillary services, such as reserved genera-
tion capacities [1]. Traditionally, these reserves are provided
by conventional generators. However, the rapid integration
of renewable energy sources calls for an increased balancing
effort [2]. Recently, it has been shown that if properly aggre-
gated and controlled, flexible loads can be engaged to provide
frequency regulation at low cost and small environmental
impact [3]. Consumers with sizeable thermal storage, such
as buildings, are particularly suited to contribute to the grid
balance as their electricity consumption can be shifted in time
with negligible impact on occupant comfort [4], [5].
In many regions, consumers provide frequency reserves
by offering them to the grid operator in a market setting. In
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Switzerland, the offered reserve size needs to be constant over
the bidding period and exceed a certain minimum amount [6].
These requirements reduce the coordination effort for the grid
operator by simplifying the scheduling and avoiding a large
number of small bidders. The minimum bid typically ranges
from 1 MW to 10 MW, e.g., it is 5 MW in Switzerland [6, Sec-
tion 2.3.1], which is too large for a single building [7]. To still
participate in the reserve market, buildings can cooperate [8],
which requires solving a large-scale optimization problem for
obtaining a time-constant joint bid. A centralized solution of
such a problem faces several issues: (i) a shared investment is
necessary to establish and maintain a central computation unit;
(ii) solving the resulting large-scale optimization problem
can be computationally challenging, which effectively limits
the aggregation size; (iii) the building operators need to share
sensitive information, such as details on the construction mate-
rial and occupants’ behavior; and (iv) each local configuration
change needs to be communicated to the central unit.
In this paper, we address these issues by using the
alternating direction method of multipliers (ADMM) [9], [10]
to distribute the original large-scale optimization problem
among the individual buildings. Each building then solves
a localized problem and participates in a global mediation
process until a consensus solution is reached. The distribution
of the computational burden provides natural parallelism and
therefore makes it possible to use a simple central processing
unit that only handles coordination tasks. Further, we present
a modified communication scheme that avoids a central unit
altogether. We also show that increased privacy and flexibility
follows from the distribution of information, and we demon-
strate that we obtain a joint bid satisfying all constraints even if
we terminate ADMM prematurely. Finally, given that a reserve
bid is accepted on the market, we show a reward distribution
scheme that reduces provision imbalance within the aggrega-
tion, strengthening the group’s capability to provide reserves.
Related Literature
Frequency reserve provision by buildings receives consid-
erable attention, both from the power systems community [3],
[8], [11]–[17] and the control community [7], [18]–[26]. In [8],
[12], the primary goal is to determine the optimal reserve
capacity that an aggregation of buildings can provide while
ensuring occupant comfort. In [13], [14], frequency reserves
are provided by modulating the fan speed of air handling
units in commercial buildings. However, rather than giving
a priori guarantees on comfort constraints as in [8], [12], the
authors in [13], [14] test constraint satisfaction a posteriori
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through experimental trials. Our work follows [8], [12], and
we use the mathematical tools for robust constraint satisfaction
from [18], [22]. In contrast to [8], [12], our leading objective
is a distributed and decentralized solution of the multi-building
problem. As opposed to [17], [27], where voltage regulation
affects the reactive power balance, we concentrate on fre-
quency regulation and active power. Aside from our focus on
market bidding, [16], [24]–[26] analyze the real-time balance
in the power grid. In [25], [26], the grid is modeled explicitly,
exceeding our work as we purely rely on the reserve demand
as requested by the grid operator. Incorporating such grid dy-
namics can be worthwhile, particularly for spatially separated
aggregations. While [16] guides the demand response based
on time-varying energy prices, [24] considers a setup where
previously agreed reserves are utilized. Hence, [24] augments
our work particularly well, as we focus on a market where
such reserve agreements are made.
In [11], [28]–[30], ADMM is studied in the context of
demand response. In [28], a distributed procedure coordinates
different temperature zones inside a building. In [29], ADMM
exploits the flexibility of several consumers for shaping their
combined power intake. In [11], heterogeneous agents are
aggregated. Finally, in [30], small thermostatically controlled
loads are orchestrated to participate in real-time energy mar-
kets. We differ from these publications by focusing on ahead-
of-time reserve bidding while the actual reserve request is
still unknown. We further set ourselves apart by developing
additional tools that improve the conceptual utility of our
approach, such as a fully-decentralized computation scheme,
the permanent availability of a feasible solution, and a profit
allocation that places an incentive to strengthen the group.
Notation
For x, y ∈ Rn, we use (x; y) = [x> y>]> ∈ R2n. Inequal-
ities between vectors, e.g., x ≤ y, as well as inclusions, e.g.,
x ∈ [−y, y], are understood element-wise. We write {xi}i
for the tuple (x1, x2, . . . ), where the context determines the
range of i. We denote the Kronecker product as ⊗. We use
the identity matrix In of dimension n×n. 0n×m or 1n×m are
n×m matrices with all elements 0 or 1, respectively; we omit
the subscripts if the dimension is clear from context.
II. FREQUENCY RESERVE PROVISION
We first introduce the model of a single building and
describe the participation in the reserve market. We then show
the joint bidding procedure for aggregations of buildings.
A. Building Model and Reserve Market
Similar as in [15], [31], [32], we consider the building model
xk+1 = Axk +B(uk + ∆uk) + Evk, (1)
where we use the admissible state xk ∈ X ⊆ Rn, the admis-
sible input (uk + ∆uk) ∈ U ⊆ Rm, and the external distur-
bance vk ∈ Rq . We use the discrete time k = 1, 2, ... , N with
horizon N . The state xk models temperatures in rooms, walls,
floors, and ceilings across the building. We use X to model
convex comfort constraints, e.g., to limit room temperatures
between 21◦C and 25◦C. The system matrix A describes the
temperature diffusion with a thermal resistance-capacitance
model as in [31, Sec. 4.2]. The actuation (heating, cooling,
and ventilation) is described by a nominal input uk and a
variable term ∆uk. The variable term is used later for adjusting
the buildings’ power consumption. The convex set U models
actuation limits and saturation. Finally, we use Evk to describe
the effect of external disturbances (occupancy, solar radiation,
and ambient temperature). Section IV shows a simulation
study with detailed modeling examples. The mechanisms
behind building-internal temperature regulation are specifically
addressed in [31], [32]. As we focus on the collaboration of
different buildings in this paper, we suffice with the abstracted
model (1). Indeed, any linear system A,B,E with convex
constraints X ,U is compatible with the subsequent analysis.
We also simplify the setup by assuming perfect prediction
for vk, noting that uncertainty can easily be integrated into our
approach by using the robust control methods in [33]–[35].
With x := (x2; ... ;xN+1), u := (u1; ... ;uN ), and similar
definitions for ∆u, v (ranging from 1 to N ), we rewrite (1) as
x = Ax1 +B(u+ ∆u) +Ev (2)
with x ∈ X and (u+ ∆u) ∈ U . We assemble A,B,E,X ,U
from A,B,E,X ,U as shown in [36].
In Switzerland, similar to most of Europe, reserve capacities
are procured in a market where reserve providers bid their
capacity in weekly or daily blocks. We denote the time-
varying reserve bid as y = (y1; ... ; yN ), which describes
the maximum-possible change in active power consumption,
measured in kilowatt. We focus on a day-ahead market,
and we consider a symmetric reserve range [−y, y], which
means that the building needs to shift its consumption equally
in both directions. The limitation to symmetric provision
follows the current policy in Switzerland [6]; the extension to
asymmetric reserves is straightforward. We further require a
constant bid over the bidding period, i.e., y1 = y2 = ... = yN ,
which is also standard in several countries. The restriction to
time-constant reserve simplifies the scheduling for the grid
operator and prevents an imbalance over the bidding interval.
Once a bid is accepted, the building receives a reward of
the form p>y, where p ∈ RN is a price parameter that we
assume to be known, e.g., from previous market clearings.
During actual runtime, the grid operator then requests a
reserve demand s = (s1; ... ; sN ) ∈ [−y, y], and the building
is obliged to adjust its power consumption accordingly. The
challenge in ahead-of-time bidding is choosing y while s is
still unknown. Fig. 1 summarizes the involved variables.
reserve bid y
flexible power consumption
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grid operator
reserve request s
<latexit sha1_base64="vhXl/yzEwzUWnd6jFtansAbOIuo=">AAAK/nichVZfj9tEEHf52 5h/LTzyspCLaMXVsXN37ZVy6CSo1IoiFdSjFXFUrdcTe8l6191d312w/MBH4FPwhHiEBx7gY/BtmHWS6zmXUktRZse/mZ2d+c14k1JwY8Pw30uvvPra62+8ebnnv/X2O+++d+Xq+98bVWkGR0w JpZ8k1IDgEo4stwKelBpokQh4nMy+dO8fH4M2XMlHdl7CpKCZ5FPOqEXV0yufZpqnRJWgqVU6jsc3wmAPTie+BgP6GIiGZxUYS7bM1tMr/TAI24dcFKKl0PeWz8OnV3t/xaliVQHSMkGNGUdh aSc11ZYzAY0fVwZKymY0g/p0qinrqhKlZpYmpqMdoyhpAWZSt8dvyAA1KZkqjT9pSavtWtjp/qTmsqwsSLYwmFaCWEVcTkjKNTAr5ihQpjkGR1hOMRyLmfM7IVGRKUTkRTMgubXlZ8Mhs1QGSm fDcpYNz96bdbPSQIXJUCm8zJSz044x43YtV7QwBbX5BaWZF0lDOlqQmH4s7pqHRep6vY6ypNrMeNmQ3gAJUVCJdSNScZmi0K1Mgba9QaJESlwkJE6KDgDLVgmqT7u7phiH5QU0vQGrtEavbuX HBloBS4jO8CBl0aI6tkiPAtKu7v7du3etptIqJUwbERVCnRCnh2eSak3n3XRg2UWJggP3BhrSigGeQGdcdiuWaVrmWImmmyLkhcyg9UAIGbSsszkQmv5YGXvCU8wFyGOulSzWk3ZMNVcapv93 hs6rHMmpnUHnDGOoNDYsldgAXLMK+Tr7CQ2x0AnoE2QQlzV2bdvhTW2Q2k7oDQRNQJDVG0Mc9GwZLHF+zJw/rEid8FIJMEMBMrP5QRRErGjOvT9WwmI8wxTHFJWYx6lWBfIlhYNd5DiXJC6z6a EL8vA7dEIqya0hL/XgZtlBiB5KZQKSgD0BNA4JlSmJNpknVVGSZBhw9M+paG39eIX64sBYoMLmn2AOnJIgL5AkrvW7zY1TVSwq4GCCJ5rqeW1yWoIJikpYjh1icX60LDPEqeZtuO2pSZtgdCn hhKkC+yetY5bBs6aOTcUYUl7McbUGEC0Ap/ZzgB+nMEW3bZdi1+gZMrWp7z365kFT37zpxmzTxZRC2UTzLLeJqKCpdZY0dRjshFG4jUTFMX1rd28l3t7Z2WSfaczzmeku7rOA37y1u5Si/f1Nh m1wS7P9vXAJ3hntLaXwtjPrpNoNjQ2Mp4xh15hmLYkJwptxNEEJsFNrt9b8tCH9iMSAiJWik9u4Sqh2VgOfkLjCKaYX/tEN1U3dj5q1qNojYQabF8XapQtYg/LanDobHH7nEDEDIbK6/Vtkrk 33R6NwLWgH0OdxmN3NqOQ8ypV9M2zWhWGYm3HqPE5pN+cWwG4tXGvgwJw149FksRorvGEIOt/WUICbQaTkzFYatlc3kwmJ2wYZY5PnSh84/YRc60fXSb3VH201d9Z3+UrTkwdo2Yx3JuNlBRe1 dzsu/Tcv3HniO+bFKXoZ9yO31SiQWNr8OrlxA1c7AfY6ru44v45A5736GMyAPLr/9Q/dTxpCtglONEf5tTvJC0by2iRJsWf0YvgGJZKqUBqpIrOLyBW/Fx+YRCg2I1Tw7PlH5Ty6nWdmhV5Mt xxoai4gGRVshcNEc5xgbTxETfHepHTKJX6i8c7jHrzvReu3u4vC0Si4HUTfjvqHny8vfpe9D72PvWte5N3yDr173kPvyGPeL94f3t/eP/7P/q/+b/7vC+grl5Y2H3idx//zP7gO7sM=</late xit><latexit sha1_base64="vhXl/yzEwzUWnd6jFtansAbOIuo=">AAAK/nichVZfj9tEEHf52 5h/LTzyspCLaMXVsXN37ZVy6CSo1IoiFdSjFXFUrdcTe8l6191d312w/MBH4FPwhHiEBx7gY/BtmHWS6zmXUktRZse/mZ2d+c14k1JwY8Pw30uvvPra62+8ebnnv/X2O+++d+Xq+98bVWkGR0w JpZ8k1IDgEo4stwKelBpokQh4nMy+dO8fH4M2XMlHdl7CpKCZ5FPOqEXV0yufZpqnRJWgqVU6jsc3wmAPTie+BgP6GIiGZxUYS7bM1tMr/TAI24dcFKKl0PeWz8OnV3t/xaliVQHSMkGNGUdh aSc11ZYzAY0fVwZKymY0g/p0qinrqhKlZpYmpqMdoyhpAWZSt8dvyAA1KZkqjT9pSavtWtjp/qTmsqwsSLYwmFaCWEVcTkjKNTAr5ihQpjkGR1hOMRyLmfM7IVGRKUTkRTMgubXlZ8Mhs1QGSm fDcpYNz96bdbPSQIXJUCm8zJSz044x43YtV7QwBbX5BaWZF0lDOlqQmH4s7pqHRep6vY6ypNrMeNmQ3gAJUVCJdSNScZmi0K1Mgba9QaJESlwkJE6KDgDLVgmqT7u7phiH5QU0vQGrtEavbuX HBloBS4jO8CBl0aI6tkiPAtKu7v7du3etptIqJUwbERVCnRCnh2eSak3n3XRg2UWJggP3BhrSigGeQGdcdiuWaVrmWImmmyLkhcyg9UAIGbSsszkQmv5YGXvCU8wFyGOulSzWk3ZMNVcapv93 hs6rHMmpnUHnDGOoNDYsldgAXLMK+Tr7CQ2x0AnoE2QQlzV2bdvhTW2Q2k7oDQRNQJDVG0Mc9GwZLHF+zJw/rEid8FIJMEMBMrP5QRRErGjOvT9WwmI8wxTHFJWYx6lWBfIlhYNd5DiXJC6z6a EL8vA7dEIqya0hL/XgZtlBiB5KZQKSgD0BNA4JlSmJNpknVVGSZBhw9M+paG39eIX64sBYoMLmn2AOnJIgL5AkrvW7zY1TVSwq4GCCJ5rqeW1yWoIJikpYjh1icX60LDPEqeZtuO2pSZtgdCn hhKkC+yetY5bBs6aOTcUYUl7McbUGEC0Ap/ZzgB+nMEW3bZdi1+gZMrWp7z365kFT37zpxmzTxZRC2UTzLLeJqKCpdZY0dRjshFG4jUTFMX1rd28l3t7Z2WSfaczzmeku7rOA37y1u5Si/f1Nh m1wS7P9vXAJ3hntLaXwtjPrpNoNjQ2Mp4xh15hmLYkJwptxNEEJsFNrt9b8tCH9iMSAiJWik9u4Sqh2VgOfkLjCKaYX/tEN1U3dj5q1qNojYQabF8XapQtYg/LanDobHH7nEDEDIbK6/Vtkrk 33R6NwLWgH0OdxmN3NqOQ8ypV9M2zWhWGYm3HqPE5pN+cWwG4tXGvgwJw149FksRorvGEIOt/WUICbQaTkzFYatlc3kwmJ2wYZY5PnSh84/YRc60fXSb3VH201d9Z3+UrTkwdo2Yx3JuNlBRe1 dzsu/Tcv3HniO+bFKXoZ9yO31SiQWNr8OrlxA1c7AfY6ru44v45A5736GMyAPLr/9Q/dTxpCtglONEf5tTvJC0by2iRJsWf0YvgGJZKqUBqpIrOLyBW/Fx+YRCg2I1Tw7PlH5Ty6nWdmhV5Mt xxoai4gGRVshcNEc5xgbTxETfHepHTKJX6i8c7jHrzvReu3u4vC0Si4HUTfjvqHny8vfpe9D72PvWte5N3yDr173kPvyGPeL94f3t/eP/7P/q/+b/7vC+grl5Y2H3idx//zP7gO7sM=</late xit><latexit sha1_base64="vhXl/yzEwzUWnd6jFtansAbOIuo=">AAAK/nichVZfj9tEEHf52 5h/LTzyspCLaMXVsXN37ZVy6CSo1IoiFdSjFXFUrdcTe8l6191d312w/MBH4FPwhHiEBx7gY/BtmHWS6zmXUktRZse/mZ2d+c14k1JwY8Pw30uvvPra62+8ebnnv/X2O+++d+Xq+98bVWkGR0w JpZ8k1IDgEo4stwKelBpokQh4nMy+dO8fH4M2XMlHdl7CpKCZ5FPOqEXV0yufZpqnRJWgqVU6jsc3wmAPTie+BgP6GIiGZxUYS7bM1tMr/TAI24dcFKKl0PeWz8OnV3t/xaliVQHSMkGNGUdh aSc11ZYzAY0fVwZKymY0g/p0qinrqhKlZpYmpqMdoyhpAWZSt8dvyAA1KZkqjT9pSavtWtjp/qTmsqwsSLYwmFaCWEVcTkjKNTAr5ihQpjkGR1hOMRyLmfM7IVGRKUTkRTMgubXlZ8Mhs1QGSm fDcpYNz96bdbPSQIXJUCm8zJSz044x43YtV7QwBbX5BaWZF0lDOlqQmH4s7pqHRep6vY6ypNrMeNmQ3gAJUVCJdSNScZmi0K1Mgba9QaJESlwkJE6KDgDLVgmqT7u7phiH5QU0vQGrtEavbuX HBloBS4jO8CBl0aI6tkiPAtKu7v7du3etptIqJUwbERVCnRCnh2eSak3n3XRg2UWJggP3BhrSigGeQGdcdiuWaVrmWImmmyLkhcyg9UAIGbSsszkQmv5YGXvCU8wFyGOulSzWk3ZMNVcapv93 hs6rHMmpnUHnDGOoNDYsldgAXLMK+Tr7CQ2x0AnoE2QQlzV2bdvhTW2Q2k7oDQRNQJDVG0Mc9GwZLHF+zJw/rEid8FIJMEMBMrP5QRRErGjOvT9WwmI8wxTHFJWYx6lWBfIlhYNd5DiXJC6z6a EL8vA7dEIqya0hL/XgZtlBiB5KZQKSgD0BNA4JlSmJNpknVVGSZBhw9M+paG39eIX64sBYoMLmn2AOnJIgL5AkrvW7zY1TVSwq4GCCJ5rqeW1yWoIJikpYjh1icX60LDPEqeZtuO2pSZtgdCn hhKkC+yetY5bBs6aOTcUYUl7McbUGEC0Ap/ZzgB+nMEW3bZdi1+gZMrWp7z365kFT37zpxmzTxZRC2UTzLLeJqKCpdZY0dRjshFG4jUTFMX1rd28l3t7Z2WSfaczzmeku7rOA37y1u5Si/f1Nh m1wS7P9vXAJ3hntLaXwtjPrpNoNjQ2Mp4xh15hmLYkJwptxNEEJsFNrt9b8tCH9iMSAiJWik9u4Sqh2VgOfkLjCKaYX/tEN1U3dj5q1qNojYQabF8XapQtYg/LanDobHH7nEDEDIbK6/Vtkrk 33R6NwLWgH0OdxmN3NqOQ8ypV9M2zWhWGYm3HqPE5pN+cWwG4tXGvgwJw149FksRorvGEIOt/WUICbQaTkzFYatlc3kwmJ2wYZY5PnSh84/YRc60fXSb3VH201d9Z3+UrTkwdo2Yx3JuNlBRe1 dzsu/Tcv3HniO+bFKXoZ9yO31SiQWNr8OrlxA1c7AfY6ru44v45A5736GMyAPLr/9Q/dTxpCtglONEf5tTvJC0by2iRJsWf0YvgGJZKqUBqpIrOLyBW/Fx+YRCg2I1Tw7PlH5Ty6nWdmhV5Mt xxoai4gGRVshcNEc5xgbTxETfHepHTKJX6i8c7jHrzvReu3u4vC0Si4HUTfjvqHny8vfpe9D72PvWte5N3yDr173kPvyGPeL94f3t/eP/7P/q/+b/7vC+grl5Y2H3idx//zP7gO7sM=</late xit><latexit sha1_base64="vhXl/yzEwzUWnd6jFtansAbOIuo=">AAAK/nichVZfj9tEEHf52 5h/LTzyspCLaMXVsXN37ZVy6CSo1IoiFdSjFXFUrdcTe8l6191d312w/MBH4FPwhHiEBx7gY/BtmHWS6zmXUktRZse/mZ2d+c14k1JwY8Pw30uvvPra62+8ebnnv/X2O+++d+Xq+98bVWkGR0w JpZ8k1IDgEo4stwKelBpokQh4nMy+dO8fH4M2XMlHdl7CpKCZ5FPOqEXV0yufZpqnRJWgqVU6jsc3wmAPTie+BgP6GIiGZxUYS7bM1tMr/TAI24dcFKKl0PeWz8OnV3t/xaliVQHSMkGNGUdh aSc11ZYzAY0fVwZKymY0g/p0qinrqhKlZpYmpqMdoyhpAWZSt8dvyAA1KZkqjT9pSavtWtjp/qTmsqwsSLYwmFaCWEVcTkjKNTAr5ihQpjkGR1hOMRyLmfM7IVGRKUTkRTMgubXlZ8Mhs1QGSm fDcpYNz96bdbPSQIXJUCm8zJSz044x43YtV7QwBbX5BaWZF0lDOlqQmH4s7pqHRep6vY6ypNrMeNmQ3gAJUVCJdSNScZmi0K1Mgba9QaJESlwkJE6KDgDLVgmqT7u7phiH5QU0vQGrtEavbuX HBloBS4jO8CBl0aI6tkiPAtKu7v7du3etptIqJUwbERVCnRCnh2eSak3n3XRg2UWJggP3BhrSigGeQGdcdiuWaVrmWImmmyLkhcyg9UAIGbSsszkQmv5YGXvCU8wFyGOulSzWk3ZMNVcapv93 hs6rHMmpnUHnDGOoNDYsldgAXLMK+Tr7CQ2x0AnoE2QQlzV2bdvhTW2Q2k7oDQRNQJDVG0Mc9GwZLHF+zJw/rEid8FIJMEMBMrP5QRRErGjOvT9WwmI8wxTHFJWYx6lWBfIlhYNd5DiXJC6z6a EL8vA7dEIqya0hL/XgZtlBiB5KZQKSgD0BNA4JlSmJNpknVVGSZBhw9M+paG39eIX64sBYoMLmn2AOnJIgL5AkrvW7zY1TVSwq4GCCJ5rqeW1yWoIJikpYjh1icX60LDPEqeZtuO2pSZtgdCn hhKkC+yetY5bBs6aOTcUYUl7McbUGEC0Ap/ZzgB+nMEW3bZdi1+gZMrWp7z365kFT37zpxmzTxZRC2UTzLLeJqKCpdZY0dRjshFG4jUTFMX1rd28l3t7Z2WSfaczzmeku7rOA37y1u5Si/f1Nh m1wS7P9vXAJ3hntLaXwtjPrpNoNjQ2Mp4xh15hmLYkJwptxNEEJsFNrt9b8tCH9iMSAiJWik9u4Sqh2VgOfkLjCKaYX/tEN1U3dj5q1qNojYQabF8XapQtYg/LanDobHH7nEDEDIbK6/Vtkrk 33R6NwLWgH0OdxmN3NqOQ8ypV9M2zWhWGYm3HqPE5pN+cWwG4tXGvgwJw149FksRorvGEIOt/WUICbQaTkzFYatlc3kwmJ2wYZY5PnSh84/YRc60fXSb3VH201d9Z3+UrTkwdo2Yx3JuNlBRe1 dzsu/Tcv3HniO+bFKXoZ9yO31SiQWNr8OrlxA1c7AfY6ru44v45A5736GMyAPLr/9Q/dTxpCtglONEf5tTvJC0by2iRJsWf0YvgGJZKqUBqpIrOLyBW/Fx+YRCg2I1Tw7PlH5Ty6nWdmhV5Mt xxoai4gGRVshcNEc5xgbTxETfHepHTKJX6i8c7jHrzvReu3u4vC0Si4HUTfjvqHny8vfpe9D72PvWte5N3yDr173kPvyGPeL94f3t/eP/7P/q/+b/7vC+grl5Y2H3idx//zP7gO7sM=</late xit>
unknown at bidding time
external
disturbance v
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temperatures x
room, wall, floor, ceiling
<latexit sha1_base64="FI8oCd+WgUYHOhlSlQM2EW6tNLc=">AAALWHichVZtb9s2EHb21 trZS9t9W79wc4y1gCtLdl7XZQiwFWixDuiGZi1mGQVF0RJnilRJKo4n8OP+1f7IsJ+wP7GjbKehk64CDB9Pz52Od88dmZScaROGf2+99/4HH35042a7s/3xJ59+duv2nV+1rBShp0RyqV4mWFP OBD01zHD6slQUFwmnL5LZ9+79izOqNJPiuVmUdFLgTLApI9iA6tWtPw0tSqqwqRTVKG4cjlWWTOowODjcHUW7/TCIdvfCo0MQwuFob3hk0c75ThyPH4TBHj2fdHyr/XB4EO31rwgWKSmLPppjz vtoyqVUfUQog8izV7e64Lx50FUhWgnd1up59up2+684laQqqDCEY63HUViaSY2VYYRT24krTUtMZjij9flUYeKrEilnBifa045BFLigelI3O7KoB5oUTaWCnzCo0foWZno4qZkoK0MFWRpMK46 MRC7bKGWKEsMXIGCiGASHSI4hHAM16XghYZ5JQOSF7aHcmPKbwYAYLAKpskE5ywYX7/WmWalpBcmQKX2XKSPnnjFhZiNXuNAFNvkVpV4UiUWelgpIPzBnw8Myde22pyyx0jNWWtTuAdsKLKBuS EgmUhD8yhRg2+4lkqfIRYLipPAAULaKY3XufzWFOAwrqG33SKUUeHWrTqxpI0AJwRlspCwalGcL9Cho6uuePHr0yCgsjJRcNxEBbeUcOT19LbBSeOGnA8rOSxAcuN1TNK0IhR2ojAm/YpnCZQ6 VsH6KgBcio40HhFCvYZ3JKcLp75U2c5ZCLqg4Y0qKYjNpZ1gxqej0//bgvcqBnMoZeHsY00rJkmIBDcAUqYCvsz/AEAqdUDUHBjFR09dVMztsrYHaTmj3OE4oR+s3GjnoxTJY4WBOOH9QkTph peRUDzgVmcmPoyAihb30/kxyA/EMUhiAWEAep0oWwJeUHu8Cx5lAcZlNT1yQJ7+AE1QJZjR6pwc3JY9D8FBKHaCEmjkF4xBhkaLoOvOkKkqUDAIG/hnmjW0nXqO+O9aGYm7yryEHTomAF0AS1/ p+c8O85ssKOBhnicJqUescl1QHRcUNgw4xMD8almnkVIsm3GbXqEkwuBR0TmQB/ZPWMcnoa1vHuiIEKM8XsNoA8AYA58EbQCdO6RTcNl0KXaNmwFRbP37+01Nb7++7MWt9TMmlSRTLcpPwitoa xryFMT8Ko7APRIUxfQDHw0o8Go2us88U5PnCdBe+s4TvH+yupOjw8DrDJriV2eFeuAKPhnsrCY6l0PqpdkPjGsZjQqBrtN1IYgJwO44mIFHo1NqtFTu3qBuhmAJirfByG1cJVs6q10EormCKqa V/cIOVrbuR3Yiq2RJk0L4tVp8u1GiQN+bUxeDoeJuICeU8q5u/ZeaadH85DDeCdgB1GQfZvR6VXEa5sl8Pm/kwCPN6nLyMk8rNuSXQr4VrDRiYMzseTparsYS7C8eLvqIFdTMIlYy4q0p/feeZ oLhpkDE0eS7VsdNP0L1udB/VO93hjn24+ZUfFJ4/BUs7Hk3Gqwoua+++uPJv3/rlSccxL07By7gbuU8NAwGlze+jBw9gNQqg12H10Pl1BLrstQPB9NDzJz/+5h9pAOkjmGiO8ht3kreM5I1Jkk LPqOXwDUogVSEVUEVkV5Frfi8PmIRLMkOYs+zNoXIZ3cwzvUYvp1tOcaqvIAnmZI2DRDOYYE08SE7h3iRVygQc0XDncQ/c96LN291V4XQYHAXRz8Puyberi9/N1t3WV617rah10DppPW49a52 2SOvfrdtbX2zd7fyzvbV9Y7u9hL63tbL5vOU923f+AzZTA7Q=</latexit><latexit sha1_base64="FI8oCd+WgUYHOhlSlQM2EW6tNLc=">AAALWHichVZtb9s2EHb21 trZS9t9W79wc4y1gCtLdl7XZQiwFWixDuiGZi1mGQVF0RJnilRJKo4n8OP+1f7IsJ+wP7GjbKehk64CDB9Pz52Od88dmZScaROGf2+99/4HH35042a7s/3xJ59+duv2nV+1rBShp0RyqV4mWFP OBD01zHD6slQUFwmnL5LZ9+79izOqNJPiuVmUdFLgTLApI9iA6tWtPw0tSqqwqRTVKG4cjlWWTOowODjcHUW7/TCIdvfCo0MQwuFob3hk0c75ThyPH4TBHj2fdHyr/XB4EO31rwgWKSmLPppjz vtoyqVUfUQog8izV7e64Lx50FUhWgnd1up59up2+684laQqqDCEY63HUViaSY2VYYRT24krTUtMZjij9flUYeKrEilnBifa045BFLigelI3O7KoB5oUTaWCnzCo0foWZno4qZkoK0MFWRpMK46 MRC7bKGWKEsMXIGCiGASHSI4hHAM16XghYZ5JQOSF7aHcmPKbwYAYLAKpskE5ywYX7/WmWalpBcmQKX2XKSPnnjFhZiNXuNAFNvkVpV4UiUWelgpIPzBnw8Myde22pyyx0jNWWtTuAdsKLKBuS EgmUhD8yhRg2+4lkqfIRYLipPAAULaKY3XufzWFOAwrqG33SKUUeHWrTqxpI0AJwRlspCwalGcL9Cho6uuePHr0yCgsjJRcNxEBbeUcOT19LbBSeOGnA8rOSxAcuN1TNK0IhR2ojAm/YpnCZQ6 VsH6KgBcio40HhFCvYZ3JKcLp75U2c5ZCLqg4Y0qKYjNpZ1gxqej0//bgvcqBnMoZeHsY00rJkmIBDcAUqYCvsz/AEAqdUDUHBjFR09dVMztsrYHaTmj3OE4oR+s3GjnoxTJY4WBOOH9QkTph peRUDzgVmcmPoyAihb30/kxyA/EMUhiAWEAep0oWwJeUHu8Cx5lAcZlNT1yQJ7+AE1QJZjR6pwc3JY9D8FBKHaCEmjkF4xBhkaLoOvOkKkqUDAIG/hnmjW0nXqO+O9aGYm7yryEHTomAF0AS1/ p+c8O85ssKOBhnicJqUescl1QHRcUNgw4xMD8almnkVIsm3GbXqEkwuBR0TmQB/ZPWMcnoa1vHuiIEKM8XsNoA8AYA58EbQCdO6RTcNl0KXaNmwFRbP37+01Nb7++7MWt9TMmlSRTLcpPwitoa xryFMT8Ko7APRIUxfQDHw0o8Go2us88U5PnCdBe+s4TvH+yupOjw8DrDJriV2eFeuAKPhnsrCY6l0PqpdkPjGsZjQqBrtN1IYgJwO44mIFHo1NqtFTu3qBuhmAJirfByG1cJVs6q10EormCKqa V/cIOVrbuR3Yiq2RJk0L4tVp8u1GiQN+bUxeDoeJuICeU8q5u/ZeaadH85DDeCdgB1GQfZvR6VXEa5sl8Pm/kwCPN6nLyMk8rNuSXQr4VrDRiYMzseTparsYS7C8eLvqIFdTMIlYy4q0p/feeZ oLhpkDE0eS7VsdNP0L1udB/VO93hjn24+ZUfFJ4/BUs7Hk3Gqwoua+++uPJv3/rlSccxL07By7gbuU8NAwGlze+jBw9gNQqg12H10Pl1BLrstQPB9NDzJz/+5h9pAOkjmGiO8ht3kreM5I1Jkk LPqOXwDUogVSEVUEVkV5Frfi8PmIRLMkOYs+zNoXIZ3cwzvUYvp1tOcaqvIAnmZI2DRDOYYE08SE7h3iRVygQc0XDncQ/c96LN291V4XQYHAXRz8Puyberi9/N1t3WV617rah10DppPW49a52 2SOvfrdtbX2zd7fyzvbV9Y7u9hL63tbL5vOU923f+AzZTA7Q=</latexit><latexit sha1_base64="FI8oCd+WgUYHOhlSlQM2EW6tNLc=">AAALWHichVZtb9s2EHb21 trZS9t9W79wc4y1gCtLdl7XZQiwFWixDuiGZi1mGQVF0RJnilRJKo4n8OP+1f7IsJ+wP7GjbKehk64CDB9Pz52Od88dmZScaROGf2+99/4HH35042a7s/3xJ59+duv2nV+1rBShp0RyqV4mWFP OBD01zHD6slQUFwmnL5LZ9+79izOqNJPiuVmUdFLgTLApI9iA6tWtPw0tSqqwqRTVKG4cjlWWTOowODjcHUW7/TCIdvfCo0MQwuFob3hk0c75ThyPH4TBHj2fdHyr/XB4EO31rwgWKSmLPppjz vtoyqVUfUQog8izV7e64Lx50FUhWgnd1up59up2+684laQqqDCEY63HUViaSY2VYYRT24krTUtMZjij9flUYeKrEilnBifa045BFLigelI3O7KoB5oUTaWCnzCo0foWZno4qZkoK0MFWRpMK46 MRC7bKGWKEsMXIGCiGASHSI4hHAM16XghYZ5JQOSF7aHcmPKbwYAYLAKpskE5ywYX7/WmWalpBcmQKX2XKSPnnjFhZiNXuNAFNvkVpV4UiUWelgpIPzBnw8Myde22pyyx0jNWWtTuAdsKLKBuS EgmUhD8yhRg2+4lkqfIRYLipPAAULaKY3XufzWFOAwrqG33SKUUeHWrTqxpI0AJwRlspCwalGcL9Cho6uuePHr0yCgsjJRcNxEBbeUcOT19LbBSeOGnA8rOSxAcuN1TNK0IhR2ojAm/YpnCZQ6 VsH6KgBcio40HhFCvYZ3JKcLp75U2c5ZCLqg4Y0qKYjNpZ1gxqej0//bgvcqBnMoZeHsY00rJkmIBDcAUqYCvsz/AEAqdUDUHBjFR09dVMztsrYHaTmj3OE4oR+s3GjnoxTJY4WBOOH9QkTph peRUDzgVmcmPoyAihb30/kxyA/EMUhiAWEAep0oWwJeUHu8Cx5lAcZlNT1yQJ7+AE1QJZjR6pwc3JY9D8FBKHaCEmjkF4xBhkaLoOvOkKkqUDAIG/hnmjW0nXqO+O9aGYm7yryEHTomAF0AS1/ p+c8O85ssKOBhnicJqUescl1QHRcUNgw4xMD8almnkVIsm3GbXqEkwuBR0TmQB/ZPWMcnoa1vHuiIEKM8XsNoA8AYA58EbQCdO6RTcNl0KXaNmwFRbP37+01Nb7++7MWt9TMmlSRTLcpPwitoa xryFMT8Ko7APRIUxfQDHw0o8Go2us88U5PnCdBe+s4TvH+yupOjw8DrDJriV2eFeuAKPhnsrCY6l0PqpdkPjGsZjQqBrtN1IYgJwO44mIFHo1NqtFTu3qBuhmAJirfByG1cJVs6q10EormCKqa V/cIOVrbuR3Yiq2RJk0L4tVp8u1GiQN+bUxeDoeJuICeU8q5u/ZeaadH85DDeCdgB1GQfZvR6VXEa5sl8Pm/kwCPN6nLyMk8rNuSXQr4VrDRiYMzseTparsYS7C8eLvqIFdTMIlYy4q0p/feeZ oLhpkDE0eS7VsdNP0L1udB/VO93hjn24+ZUfFJ4/BUs7Hk3Gqwoua+++uPJv3/rlSccxL07By7gbuU8NAwGlze+jBw9gNQqg12H10Pl1BLrstQPB9NDzJz/+5h9pAOkjmGiO8ht3kreM5I1Jkk LPqOXwDUogVSEVUEVkV5Frfi8PmIRLMkOYs+zNoXIZ3cwzvUYvp1tOcaqvIAnmZI2DRDOYYE08SE7h3iRVygQc0XDncQ/c96LN291V4XQYHAXRz8Puyberi9/N1t3WV617rah10DppPW49a52 2SOvfrdtbX2zd7fyzvbV9Y7u9hL63tbL5vOU923f+AzZTA7Q=</latexit><latexit sha1_base64="FI8oCd+WgUYHOhlSlQM2EW6tNLc=">AAALWHichVZtb9s2EHb21 trZS9t9W79wc4y1gCtLdl7XZQiwFWixDuiGZi1mGQVF0RJnilRJKo4n8OP+1f7IsJ+wP7GjbKehk64CDB9Pz52Od88dmZScaROGf2+99/4HH35042a7s/3xJ59+duv2nV+1rBShp0RyqV4mWFP OBD01zHD6slQUFwmnL5LZ9+79izOqNJPiuVmUdFLgTLApI9iA6tWtPw0tSqqwqRTVKG4cjlWWTOowODjcHUW7/TCIdvfCo0MQwuFob3hk0c75ThyPH4TBHj2fdHyr/XB4EO31rwgWKSmLPppjz vtoyqVUfUQog8izV7e64Lx50FUhWgnd1up59up2+684laQqqDCEY63HUViaSY2VYYRT24krTUtMZjij9flUYeKrEilnBifa045BFLigelI3O7KoB5oUTaWCnzCo0foWZno4qZkoK0MFWRpMK46 MRC7bKGWKEsMXIGCiGASHSI4hHAM16XghYZ5JQOSF7aHcmPKbwYAYLAKpskE5ywYX7/WmWalpBcmQKX2XKSPnnjFhZiNXuNAFNvkVpV4UiUWelgpIPzBnw8Myde22pyyx0jNWWtTuAdsKLKBuS EgmUhD8yhRg2+4lkqfIRYLipPAAULaKY3XufzWFOAwrqG33SKUUeHWrTqxpI0AJwRlspCwalGcL9Cho6uuePHr0yCgsjJRcNxEBbeUcOT19LbBSeOGnA8rOSxAcuN1TNK0IhR2ojAm/YpnCZQ6 VsH6KgBcio40HhFCvYZ3JKcLp75U2c5ZCLqg4Y0qKYjNpZ1gxqej0//bgvcqBnMoZeHsY00rJkmIBDcAUqYCvsz/AEAqdUDUHBjFR09dVMztsrYHaTmj3OE4oR+s3GjnoxTJY4WBOOH9QkTph peRUDzgVmcmPoyAihb30/kxyA/EMUhiAWEAep0oWwJeUHu8Cx5lAcZlNT1yQJ7+AE1QJZjR6pwc3JY9D8FBKHaCEmjkF4xBhkaLoOvOkKkqUDAIG/hnmjW0nXqO+O9aGYm7yryEHTomAF0AS1/ p+c8O85ssKOBhnicJqUescl1QHRcUNgw4xMD8almnkVIsm3GbXqEkwuBR0TmQB/ZPWMcnoa1vHuiIEKM8XsNoA8AYA58EbQCdO6RTcNl0KXaNmwFRbP37+01Nb7++7MWt9TMmlSRTLcpPwitoa xryFMT8Ko7APRIUxfQDHw0o8Go2us88U5PnCdBe+s4TvH+yupOjw8DrDJriV2eFeuAKPhnsrCY6l0PqpdkPjGsZjQqBrtN1IYgJwO44mIFHo1NqtFTu3qBuhmAJirfByG1cJVs6q10EormCKqa V/cIOVrbuR3Yiq2RJk0L4tVp8u1GiQN+bUxeDoeJuICeU8q5u/ZeaadH85DDeCdgB1GQfZvR6VXEa5sl8Pm/kwCPN6nLyMk8rNuSXQr4VrDRiYMzseTparsYS7C8eLvqIFdTMIlYy4q0p/feeZ oLhpkDE0eS7VsdNP0L1udB/VO93hjn24+ZUfFJ4/BUs7Hk3Gqwoua+++uPJv3/rlSccxL07By7gbuU8NAwGlze+jBw9gNQqg12H10Pl1BLrstQPB9NDzJz/+5h9pAOkjmGiO8ht3kreM5I1Jkk LPqOXwDUogVSEVUEVkV5Frfi8PmIRLMkOYs+zNoXIZ3cwzvUYvp1tOcaqvIAnmZI2DRDOYYE08SE7h3iRVygQc0XDncQ/c96LN291V4XQYHAXRz8Puyberi9/N1t3WV617rah10DppPW49a52 2SOvfrdtbX2zd7fyzvbV9Y7u9hL63tbL5vOU923f+AzZTA7Q=</latexit>
actuation: nominal u
variable  u
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Fig. 1. Decision variables x, u, ∆u, y, which can be determined by the
building, and external variables s, v, which cannot be influenced.
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After a bid is accepted at the reserve market, the building
follows the request s by appropriately changing its input
from u to u+ ∆u. More precisely, following [31], [34], [37],
we use the conversion factor η ∈ Rm for translating input
quantities (e.g., heating levels) into power consumption
(measured in kilowatt). We choose the variable input ∆u such
that sk = η>∆uk for all k. Fig. 2 illustrates the separation
between reserve bidding and the actual provision procedure.
provison during runtime
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day-ahead bidding
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Fig. 2. Bidding process and reserve provision. Left: Ahead of time, the build-
ing offers a bid y on the reserve market. If the bid gets accepted, it receives
the reward p>y. The actual reserve request sk remains unknown at this point.
Right: During runtime, the building follows the reserve request sk within the
previously offered range [−yk, yk] by adjusting its variable input ∆uk .
Our approach focuses on the bidding process, particularly
on determining a satisfiable and financially profitable bid for
the reserve market. Additionally, our bidding method results in
a rudimentary procedure to follow the reserve request during
runtime, which means that we relate ∆u to s. Beyond the
scope of our paper, our provision procedure can be comple-
mented with more sophisticated and iterative reserve tracking
techniques as in [24]–[26], which can exploit newly-available
information or incorporate grid models to fine-tune the supply.
B. Individual Bidding Problem
Typically, buildings need to increase their nominal con-
sumption u for being able to react to symmetric reserve
requests [8]. The building’s objective is to optimally balance
the provision reward p>y and the nominal electricity cost c>u,
i.e., it minimizes its overall cost c>u−p>y. Here, the vector c
is composed of subvectors ck = c˜kη, where c˜k ∈ R is the elec-
tricity price, and η, as introduced before, converts input signals
to power consumption. Since the reserve request s ∈ RN is
unknown at the time of bidding, we introduce recourse into the
formulation by choosing u and ∆u to be closed-loop policies
u(·) : RN → RNm s 7→ u (3a)
∆u(·) : RN → RNm s 7→ ∆u, (3b)
which are parametrized functions that determine the actual
input only when s becomes known during runtime [36],
[38], [39]. In other words, instead of determining the static
values u,∆u that prepare for the worst-case request s, we
try to find the optimal functional relation of u,∆u and s.
Compared to the conventional strategy, closed-loop policies
offer a larger degree of freedom and therefore potentially
less conservative reserve bids [20]. We choose the policies to
be causal such that uk,∆uk only depend on s1, . . . , sk. The
building-individual reserve provision problem is
min
u(·),y
c>u(0)− p>y (4a)
s.t. (u(·), y) ∈ C (4b)
y1 = y2 = · · · = yN . (4c)
For simplicity, we use the nominal electricity cost c>u(0),
which is based on the case s = 0 where the grid operator
does not request any reserves. Due to ∆u(0) = 0, the
variable input is not part of the objective. Alternatively, it
is possible to use the expected cost E
[
c> (u(s) + ∆u(s))
]
,
provided we have a probabilistic description of the demanded
reserve s [20]. Further, we choose not to model the minimum
reserve constraint yk ≥ ymin. Having such a constraint may
lead to overall increasing costs compared to not providing
reserves at all. Instead, we purely maximize financial profit,
and we assume that the resulting bid is only placed at
the market if it exceeds the minimum size. Omitting the
minimum reserve constraint also benefits the construction of
the distributed setup, as we will clarify in Remark 2. The
set C in (4b) captures the building dynamics and the reserve
provisioning mechanism as introduced before. It encapsulates
building-internal information, e.g., the state x, which in
consequence of (3) also becomes a policy. We define C as
C = { (u(·), y) ∈ (F × RN) ∣∣ ∃ (∆u(·), x(·)) ∈ F × F s.t.
x(s) = Ax1 +B[u(s) + ∆u(s)] +Ev
(x(s), u(s) + ∆u(s)) ∈ X × U
s = (IN ⊗ η>)∆u(s)
 ∀s ∈ [−y, y]},
(5)
where F , in the most general case, is the infinite-dimensional
space of causal functions of type (3). Due to the optimization
over policies and the infinite number of constraints, solving (4)
is intractable in general. However, if we restrict F to contain
linear functions only, we can reformulate (4) as a convex
optimization problem with a finite number of constraints; see
Appendix A and [22, Section 4] for an example. Given such
an appropriate choice of F , the constraint set C and therefore
the individual bidding problem (4) is finite-dimensional and
convex. Indeed, finite dimensionality and convexity of C are
the only requirements for the analysis below. Hence, our ap-
proach is compatible with different policy spaces and building
models. Further, it can be used for plug-in electric vehicles,
house-mounted batteries, and any energy storage device that
has linear dynamics A,B,E and convex constraints X ,U .
Remark 1. In some markets, the price p is also a decision
variable, which increases the computational cost significantly.
To keep the computation simple, we can solve (4) for different
values of p, which results in a price-reserve curve that is bid
at the market. This strategy is known as conditional bidding.
C. Aggregated Bidding Problem
On their own, buildings are typically not able to meet the
required minimum bid size [15]. To overcome this, buildings
can collaborate in an aggregation. We consider M buildings,
indexed by b = 1, ... ,M , and we denote the reserve bids as yb,
where each building’s bid has the form yb = (y1b ; ... ; y
N
b ).
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Similarly, we use ub, cb, and Cb for the individual input, cost
function, and constraint set. Buildings are compatible as long
as they agree on the bidding horizon N , which means that
they can use different models in Cb. We use non-calligraphic
uppercase symbols for quantities associated with the entire ag-
gregation, e.g., we define the aggregated reserve Y :=
∑
b yb,
where Y = (Y 1; ... ;Y N ). The aggregated bidding problem is
min
Y,{ub(·),yb}b
∑M
b=1
c>b ub(0)− p>Y (6a)
s.t. (ub(·), yb) ∈ Cb ∀b (6b)
Y =
∑M
b=1
yb (6c)
Y 1 = Y 2 = · · · = Y N . (6d)
In the aggregated problem, the time-constant constraint (6d)
applies to the aggregated bid Y , which gives each building the
freedom of time-varying bids yb as long as their sum remains
constant. This additional freedom increases the joint bid, as
compared to the trivial strategy of pooling individual bids
obtained with (4). The potential increase in Y comes at the
cost of requiring a deeper collaboration between the buildings,
as each building has to shape its offer yb while considering the
bids of all other buildings. If the time-constant constraints (4c)
and (6d) would not be present, then (6) would simply decom-
pose into separate instances of (4), i.e., there would be no
need for collaboration. When the buildings agree on a joint
bid Y that is also accepted at the reserve market, then the
grid operator can request his demand s from the aggregation
during runtime. Each building then changes its consumption
proportionally to its share yb of the original offer Y . Beyond
the scope of our paper, it is possible to successively reallocate
the provision responsibilities within the aggregation during
runtime, which can be especially useful when taking a grid
model and therefore local imbalances into account [25], [26].
A direct solution of (6) has several downsides: (i) Due
to the large dimensionality, we require a powerful central
processing unit, which demands financial resources and
restricts the aggregation size through limited computational
capabilities. (ii) The buildings need to disclose Cb, potentially
including sensitive information, which also implies that they
cannot change Cb without informing the central unit. (iii) The
buildings delegate the decision process, i.e., they have to rely
on the central unit for finding a good solution to (6).
III. AGGREGATED BIDDING WITH ADMM
We use ADMM to decompose (6) into a sequence of smaller
problems, which results in conceptual benefits over a direct
solution approach. We rely on ADMM due to its mild conver-
gence requirements, e.g., we do not need strong convexity.
A. General ADMM Formulation
ADMM is a first-order optimization method that solves
problems where the decision variables are partitioned into two
groups. Typically, these problems have the form
minz,w { f(z) + g(w) s.t. A(z) + B(w) = 0 } (7)
with real-valued functions f, g and affine operators A,B.
As shown in Alg. 1, ADMM solves (7) by alternatingly
searching for a saddle point of the augmented Lagrangian
Lρ (z, w, λ) := f(z) + g(w) + λ>+ ρ2 ‖‖22 , (8)
where λ is the Lagrange multiplier,  := A(z) + B(w) is a
residual, and ρ > 0 is a user-chosen penalty parameter. For any
initialization of (z, w, λ), and any positive value of ρ, ADMM
converges to a solution of (7), given that a solution exists,
and f, g have a nonempty, closed, and convex epigraph [10].
Algorithm 1 ADMM
repeat 1: z ← arg min
z
Lρ (z, w, λ)
2: w ← arg min
w
Lρ (z, w, λ)
3: λ ← λ+ ρ ∂∂λLρ (z, w, λ)
until satisfaction of a stopping criterion
B. Aggregated Bidding with ADMM
For writing (6) in the form of (7), we first need to relate
the decision variables Y, {ub(·), yb}b to the two-component
splitting z, w. Further, we need to associate each constraint
in (6) to one of the two groups, and we need to decide on
a coupling relation A, B. Our goal is to associate w with
the aggregation-specific variable Y , such that z only contains
building-individual variables {ub(·), yb}b, making the z-update
in Alg. 1 decompose among buildings. When pursuing such
a splitting, we struggle with assigning (6c) to one side, as it
connects the aggregation-specific and building-individual vari-
ables. We overcome this difficulty by making (6c) depend on
the auxiliary decision variable {y¯b}b, which we constrain to be
equal to {yb}b. Later on, it will become clear that having these
extra variable does not increase the computational burden.
With {y¯b}b, we then can separate between the aggregation-
specific variables w :=
(
Y, {y¯b}b
)
, and the building-individual
variables z := {ub(·), yb}b, where we use {y¯b}b = {yb}b
as coupling relation. The resulting problem partition, shown
in Fig. 3, is an equivalent reformulation of (6).
min
{ub(·),yb}b,
Y,{y¯b}b
s.t.
∑
b c
>
b ub(0) − p>Y
(ub(·), yb) ∈ Cb ∀b
Y =
∑
b y¯b
Y 1 = Y 2 = · · · = Y N
y¯b − yb = 0 ∀b
aggregation-
specific
building-
individual
Fig. 3. Separation of (6) into building-individual and aggregation-specific
terms, where we use the auxiliary variable y¯b = yb for b = 1, ... ,M .
By comparing the partitioned problem in Fig. 3 to the
general ADMM problem (7), we obtain the definitions
f(z) :=
∑
b
(
c>b ub(0) + ICb (ub(·), yb)
)
(9a)
g(w) := IY=∑b y¯b(Y, {y¯b}b) + IY 1=···=Y N (Y )− p>Y (9b)
A(z) + B(w) = 0⇔ {y¯b}b = {yb}b, (9c)
where indicator functions are denoted as I(·). Inserted into (8)
and Alg. 1, these definitions lead to our proposed ADMM
formulation, which we show in Alg. 2.
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Algorithm 2 ADMM for Reserve Provision
repeat
1 building-individual reserve proposition (b = 1, ... ,M)
(ub(·), yb)← arg min
ub(·),yb
c>b ub(0)− λ>b yb + ρ2‖y¯b − yb‖22
s.t. (ub(·), yb) ∈ Cb
2 aggregation step
(Y, {y¯b}b)← arg min
Y,{y¯b}b
M∑
b=1
(
λ>b y¯b +
ρ
2‖y¯b − yb‖22
)− p>Y
s.t. Y =
∑
b y¯b
Y 1 = Y 2 = · · · = Y N
3 Lagrangian mediation (b = 1, ... ,M)
λb ← λb + ρ(y¯b − yb)
until satisfaction of the stopping criterion
Alg. 2 alternates between a building-individual step 1 , an
aggregation-specific step 2 , and Lagrangian mediation 3 .
For the initialization, we can set Y , y¯b, and λb to zero. Prop. 1,
proven in Appendix B-A, constitutes the use of Alg. 2.
Proposition 1. If Cb is nonempty, finite-dimensional, and
convex for each building b, then Alg. 2 converges to an optimal
solution of the aggregated bidding problem (6).
We interpret Alg. 2 as a negotiation process between the
buildings and the aggregator. In 1 , each building proposes a
reserve capacity yb that maximizes its profit. The aggregator,
which receives these propositions, responds with the desired
reserve amount y¯b, chosen in 2 for achieving a time-constant
total reserve Y . The Lagrangian update 3 forms a price mech-
anism that mediates between proposition yb and demand y¯b to
reach a consensus. Fig. 4 illustrates the information exchange.
aggregator
y2, 2y1, 1
y¯1 y¯2
Fig. 4. Information exchange between the buildings and the aggregator within
one iteration of Alg. 2. Illustrated is the case of M = 2.
The ADMM-based approach shows conceptual advantages
when compared to a centralized solution of (6). Due to the
building-individual execution of 1 , the constraint sets Cb
remain private, and the buildings can change them self-
organized. Also, the execution parallelizes naturally. Other
benefits of Alg. 2 derive from the simplicity of its aggregation
step, which is described in the following proposition.
Proposition 2. The aggregation step 2 has the solution
Ω := 1M
∑M
b=1
(ρyb − λb) (10a)
Y = MρN 1N×N (Ω + p) (10b)
y¯b =
1
ρ (ρyb − λb − Ω) + 1M Y ∀b, (10c)
where Ω is called the aggregate.
Prop. 2, which we prove in Appendix B-B, makes it
possible to replace the aggregation step with a set of closed-
form algebraic equations. This signifies that the computational
complexity of 2 is negligible compared to the first (parallel)
algorithm step. As a consequence, the increased computational
burden for large aggregations is fully absorbed by the equally
growing level of parallelism. The ADMM-based framework
also lowers the barriers to integrate new buildings into an
existing aggregation. The reason is the similarity between the
individual problem (4) and the building-individual step 1 in
Alg. 2, i.e., new buildings that switch from individual bidding
practically keep performing the same optimization as before.
Remark 2. If we model a minimum bid constraint yk ≥ ymin
in (4), and accordingly Y k ≥ ymin in (6), then the aggregation
step contains inequality constraints and therefore does not
have a closed-form solution anymore.
C. Decentralized Computation
Alg. 2 is flexible against configuration changes, avoids
concentration of private information, and behaves well from
a computational perspective. Still, the algorithm requires the
acquisition and maintenance of a central computation facility,
which poses an organizational burden. To overcome this,
we recognize that in the aggregation step (10), only the
aggregate Ω requires aggregation-global information. More
specifically, we notice that when Ω is available, then each
building can evaluate the previously centralized operations
(10b) and (10c) individually. Towards utilizing this, we define
the partial aggregate
Ωi :=
1
M
i∑
b=1
(ρyb − λb), (11)
which we can accumulate by serially handing it from building
to building. Each building b then adds its own contribu-
tion 1M (ρyb − λb), assuming that the aggregation size M
is known. Once we have reached Ω = ΩM , the buildings
circulate the result back for making it known to their neigh-
bors. Fig. 5 illustrates the communication procedure for the
case of four buildings. In general, we can use any connected
communication graph that covers the aggregation.
⌦3
1
2
4
⌦
⌦1
⌦ = ⌦4
1st accumulate ⌦i
2nd circulate ⌦
3
⌦
⌦2
Fig. 5. Decentralized information exchange to make the aggregate Ω available
to all buildings. Illustrated is the case of M = 4.
Alg. 3 summarizes the resulting decentralized formulation.
The algorithm is obtained by applying the previously described
decentralization procedure to Alg. 2, and by rotating its steps
from 1 - 2 - 3 to 2 - 3 - 1 . The result is a grouped building-
individual step i and a serial communication step ii . Alg. 3
is an equivalent reformulation of Alg. 2, i.e., both algorithms
produce the same sequence of iterates when initialized the
same. Therefore, all properties that are discussed in this paper
equally apply to both algorithms. In subsequent sections, we
again focus on Alg. 2, utilizing its more explicit aggregator-
building composition to simplify the arguments that follow.
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Algorithm 3 Decentralized ADMM for Reserve Provision
repeat
i building-individual updates (b = 1, ... ,M)
y¯b ← 1ρ (ρyb − λb − Ω) + 1ρN 1N×N (Ω + p)
λb ← λb + ρ(y¯b − yb)
(ub(·), yb) ← arg min
ub(·),yb
c>b ub(0)− λ>b yb + ρ2‖y¯b − yb‖22
s.t. (ub(·), yb) ∈ Cb
ii serial communication
accumulate Ωi and circulate Ω as shown in Fig. 5
until satisfaction of the stopping criterion
end obtain the aggregated bid Y with (10b)
D. Feasible Extraction
In Alg. 2, the partial results of 1 and 2 satisfy their respec-
tive constraints; however are not compatible as it is yb 6= y¯b
before convergence. In other words, ADMM only finds a solu-
tion that jointly satisfies all constraints in the limit, potentially
requiring a large number of iterations [40]. Here, we overcome
this difficulty with a method for extracting a jointly feasible
solution after any number of ADMM iterations. This extraction
procedure has great value in practice as it makes it possible to
terminate the algorithm anytime, e.g., when we reach a given
time limit. The following proposition describes the procedure.
Proposition 3. Given {ub(·), yb}b from any iteration of Alg. 2,
we obtain a suboptimal solution
(
Y F ,
{
uFb (·), yFb
}
b
)
that
satisfies all constraints in (6) with
Y F := 1N×1 min
k
(∑M
b=1
ykb
)
(12a)
(
ykb
)F
:=
(
Y k
)F∑M
j=1 y
k
j
ykb ∀ b, k (12b)
uFb (·) := arg min
ub(·)
{
c>b ub(0) s.t.
(
ub(·), yFb
) ∈ Cb} ∀b. (12c)
We show the proof of Prop. 3 in Appendix B-C. According
to (12a), we obtain the feasible combined bid Y F by clipping
the accumulated reserve offer to its lowest value over time.
With (12b), the individual reserve contributions yb are scaled
down to yFb , which then satisfy Y
F =
∑
b y
F
b . In (12c),
we reoptimize the input. Due to yFb ≤ yb the previous
policy ub(·) also remains feasible; however is less efficient.
The more algorithm iterations we perform before extracting a
solution, the lower the overall cost
∑
b c
>
b u
F
b (0)− p>Y F . In
Section IV-B, we empirically analyze how many iterations are
necessary to come reasonably close to the optimum.
E. Reward Distribution
When the grid operator accepts a reserve bid Y , the aggrega-
tion receives the reward R := p>Y . We can distribute this re-
ward in proportion to the offered reserves, i.e., building b gets
rb := p
>yb. (13)
It is R =
∑
b rb, signifying that we do not distribute more or
less than the total reward. A drawback of this approach is that
it does not account for the relative importance of a reserve
contribution, which we clarify at the example in Fig. 6.
0
yk1 , . . . , y
k
6 , y
k
7
Y k
kcrit
1
6Y
k
1
2
3
4
5
6
7
k
Fig. 6. Illustrative example where seven buildings place an imbalanced reserve
bid over a period of N = 12 hours. During most of the time, six similar
buildings (black) jointly offer reserves y1 = y2 = · · · = y6, while at
k = kcrit a single building (red) determines the total reserve Y k = yk7 .
In Fig. 6, a single building determines the combined reserve
offer at the critical time k = kcrit. We construct the example
by using dynamic-free buildings and by constraining the black
buildings’ provision capability to zero at kcrit. Due to the
time-constant constraint, the aggregation cannot provide any
reserves if the red building leaves the group. Conversely,
if a black building exits the aggregation, the reserve offer
decreases only marginally (if at all), since the remaining black
buildings can compensate for it. Hence, due to its provision
at kcrit, the red building is more important. With the rewarding
scheme (13) however, the importance of provision during a
particular time instance is not taken into account. The red
building even earns less than any of the black buildings, e.g.,
for a time-constant price p it only gets 6/11 of each black
building’s profit. We propose a Lagrangian-based approach to
devise a reward allocation mechanism that better reflects the
contribution of each building to the performance of the ag-
gregation. As noted in Section III-B, the Lagrange multipliers
λb = (λ
1
b ; ... ;λ
N
b ) depend on time k, building b, and they
also change with each ADMM iteration. Within Alg. 2, they
orchestrate the buildings for achieving a constant combined
reserve offer. For a particular time instance, the intuition is that
when the aggregation demand continually exceeds a building’s
proposition, i.e., y¯kb − ykb > 0, then the Lagrangian update
λkb ← λkb + ρ(y¯kb − ykb )
accumulates λkb towards a large value. The more difficult the
provision, the larger λkb grows before we reach a consensus.
Fig. 7 illustrates the mechanism for λkb ≥ 0. In case of negative
Lagrange multipliers, e.g., due to the initialization, it can be
seen from inspecting 1 and 2 in Alg. 2 that we recover a
non-negative Lagrange multiplier quickly.
According to the mechanism in Fig. 7, the Lagrange multi-
pliers indicate the time instances where the reserve provision is
difficult. We use this effect to increase the reward during such
critical hours. More specifically, we define the Lagrangian-
based reward allocation
rΛb := Λ
>yb, (14)
where Λ ∈ RN is an alternative price vector that replaces the
static reward p in (13). We describe the relation between Λ
and the Lagrange multipliers in the following proposition.
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if  kb " then ykb "
<latexit  sha1_base64="Qy S4uEi7ltImRa/aZr m75nB7SZ8=">AAAL Q3ichVbNb9s2FFe 7r1r7arfjLtwcYy2 Q2pLtNMmKDAG2Ai3 WAd3QrMEsL6AoWu JMkSpJxfEE/Ws77i /YZfcdtx2GXQfsUb bTUElXAYYfn37v6f F9/Mi44EybIPjt2 vXXXn/jzbdudPy33 3n3vfdv3vrgOy1LR egRkVyq4xhrypmgR 4YZTo8LRXEec/os nn9h3z87pUozKZ6a ZUGnOU4FmzGCDahO bh5XUeNkotJ4WgX9 3b3xKBxvB/1wvBP s74EQDEc7w/0asRn aijh4TvBJ/MMcRWW BlZKLLWQyKtDW0t We3OyCbfOgy0K4Fr re+nlycqvza5RIUu ZUGMKx1pMwKMy0ws owwmntR6WmBSZzn NLqbKYwcVQTXRZUT SthMhcaSzk3ONYuG kSBc6qnVbP9GvVAk 6CZVPATBjVa18LM 9qYVE0VpqCArg1nJ kZHIJhYlTFFi+BIE TBSDoBHJMIRpIP2+ ExLmqQREltc9lBl TfDYYEINFX6p0UMz Twfl73TYrNC0hSTK hrzJl5MwxJsy0co hzneN2tkCpl3lcI0 dLBZRF4baHVeo6HU cJ9ddzVtSo04OC5F hAPZGQTCQguJXJw bbTiyVPkI0ERXHuA KBsJcfqzP1qAnEYl tO60yOlUuDVrvxI0 0aAEoIz2EiRNyjH Ftomp4mre/TgwQOj sDBSct1EhDmXC2T1 9LmAdsZLNx1Qdl6A YMGdnqJJSSjsQKV MuBVLFS4yqETtpgj 6QqS08YAQ6jVdB0O EcPJjqc2CJZALKk 6ZkiJvJ+0UKyYVnf 3fHpxXGTSnsgbOHi a0VLKgWMAAMEVK6N f5T2AIhY6pWkAHM VHR52VDE3WlobWt0 OlxHFOONm80stDzZ X+N8yNi/UFFqpgVk lM94FSkJjsI+yHJ 6wvvTyU3EM8gAa7D AvI4UzKHfknowRh6 nAkUFens0AZ5+C04 QaVgRqNXerCEeBC Ah0LqPoqpWVAwDhA WCQqvMo/LvEDxoM/ AP8O8sfWjDerzA2 0o5ib7FHJglaihuW b03eEGauarClgYZ7 HCalnpDBdU9/OSGw YTYoA/mi7TyKqWT bjNrlGTYHAp6ILIH OYnAYpO6fO6inRJC LQ8X8KqBeANAKj/B cCPEjoDt82UwtSo OXRqXT18+vXjurp3 z9Jv7WIKLk2sWJqZ mJe0ruBMqOFMGAVh sA2NCvS9C6fCWtw fja6yTxXk+dx0DN9 Zwe/tjtdSuLd3lWE T3NpsbydYg0fDnb UEp1FQu6m2pHFFx2 NCYGp03UpiDPB6Ek 5BojCplV0rdlajbo giCoiNwsltVMZYW auej+B0AxZTK//gB qu66oZ1K6pmS5DB+ mWxuu1CjQa5xVPnx OE7m4gI5Tytmr9V 5pp0fzwMWkFbgLqI g+xejYovomzZr4bN XRiEeTVOXsRJZXl uBXRrYUcDCHNeT4b T1Woi4ZrC8XJb0Zx aDkIFI6ZUdHtzvZm iqBmQCQx5JtWB1U /R7W54B1Vb3eFWfb /9lS8VXjwGy3oymk 7WFVzV3n5x7b9+6Z envu28KAEvk25oP zXsCyhtdgfdvQurU R9mHVb3rV/bQBe9+ hBMDz199NX37pEGk G0EjGZbvnUneQkl t5gkgZlRK/LtF9BU uVTQKiK9jNz09+qA ibkkc4Q5S18cKhf RDZ/pDXrFbhnFib6 EJJiTDQ4SzYDBmni QnMG9SaqECTii4c5 jH7gHhu1b32XhaN jf74ffDLuH4/WF8I b3kfeJd9sLvV3v0H voPfGOPOL97P3u/e n95f/i/+H/7f+zg l6/trb50HMe/9//A OTaB2k=</latexit ><latexit  sha1_base64="Qy S4uEi7ltImRa/aZr m75nB7SZ8=">AAAL Q3ichVbNb9s2FFe 7r1r7arfjLtwcYy2 Q2pLtNMmKDAG2Ai3 WAd3QrMEsL6AoWu JMkSpJxfEE/Ws77i /YZfcdtx2GXQfsUb bTUElXAYYfn37v6f F9/Mi44EybIPjt2 vXXXn/jzbdudPy33 3n3vfdv3vrgOy1LR egRkVyq4xhrypmgR 4YZTo8LRXEec/os nn9h3z87pUozKZ6a ZUGnOU4FmzGCDahO bh5XUeNkotJ4WgX9 3b3xKBxvB/1wvBP s74EQDEc7w/0asRn aijh4TvBJ/MMcRWW BlZKLLWQyKtDW0t We3OyCbfOgy0K4Fr re+nlycqvza5RIUu ZUGMKx1pMwKMy0ws owwmntR6WmBSZzn NLqbKYwcVQTXRZUT SthMhcaSzk3ONYuG kSBc6qnVbP9GvVAk 6CZVPATBjVa18LM 9qYVE0VpqCArg1nJ kZHIJhYlTFFi+BIE TBSDoBHJMIRpIP2+ ExLmqQREltc9lBl TfDYYEINFX6p0UMz Twfl73TYrNC0hSTK hrzJl5MwxJsy0co hzneN2tkCpl3lcI0 dLBZRF4baHVeo6HU cJ9ddzVtSo04OC5F hAPZGQTCQguJXJw bbTiyVPkI0ERXHuA KBsJcfqzP1qAnEYl tO60yOlUuDVrvxI0 0aAEoIz2EiRNyjH Ftomp4mre/TgwQOj sDBSct1EhDmXC2T1 9LmAdsZLNx1Qdl6A YMGdnqJJSSjsQKV MuBVLFS4yqETtpgj 6QqS08YAQ6jVdB0O EcPJjqc2CJZALKk 6ZkiJvJ+0UKyYVnf 3fHpxXGTSnsgbOHi a0VLKgWMAAMEVK6N f5T2AIhY6pWkAHM VHR52VDE3WlobWt0 OlxHFOONm80stDzZ X+N8yNi/UFFqpgVk lM94FSkJjsI+yHJ 6wvvTyU3EM8gAa7D AvI4UzKHfknowRh6 nAkUFens0AZ5+C04 QaVgRqNXerCEeBC Ah0LqPoqpWVAwDhA WCQqvMo/LvEDxoM/ AP8O8sfWjDerzA2 0o5ib7FHJglaihuW b03eEGauarClgYZ7 HCalnpDBdU9/OSGw YTYoA/mi7TyKqWT bjNrlGTYHAp6ILIH OYnAYpO6fO6inRJC LQ8X8KqBeANAKj/B cCPEjoDt82UwtSo OXRqXT18+vXjurp3 z9Jv7WIKLk2sWJqZ mJe0ruBMqOFMGAVh sA2NCvS9C6fCWtw fja6yTxXk+dx0DN9 Zwe/tjtdSuLd3lWE T3NpsbydYg0fDnb UEp1FQu6m2pHFFx2 NCYGp03UpiDPB6Ek 5BojCplV0rdlajbo giCoiNwsltVMZYW auej+B0AxZTK//gB qu66oZ1K6pmS5DB+ mWxuu1CjQa5xVPnx OE7m4gI5Tytmr9V 5pp0fzwMWkFbgLqI g+xejYovomzZr4bN XRiEeTVOXsRJZXl uBXRrYUcDCHNeT4b T1Woi4ZrC8XJb0Zx aDkIFI6ZUdHtzvZm iqBmQCQx5JtWB1U /R7W54B1Vb3eFWfb /9lS8VXjwGy3oymk 7WFVzV3n5x7b9+6Z envu28KAEvk25oP zXsCyhtdgfdvQurU R9mHVb3rV/bQBe9+ hBMDz199NX37pEGk G0EjGZbvnUneQkl t5gkgZlRK/LtF9BU uVTQKiK9jNz09+qA ibkkc4Q5S18cKhf RDZ/pDXrFbhnFib6 EJJiTDQ4SzYDBmni QnMG9SaqECTii4c5 jH7gHhu1b32XhaN jf74ffDLuH4/WF8I b3kfeJd9sLvV3v0H voPfGOPOL97P3u/e n95f/i/+H/7f+zg l6/trb50HMe/9//A OTaB2k=</latexit ><latexit  sha1_base64="Qy S4uEi7ltImRa/aZr m75nB7SZ8=">AAAL Q3ichVbNb9s2FFe 7r1r7arfjLtwcYy2 Q2pLtNMmKDAG2Ai3 WAd3QrMEsL6AoWu JMkSpJxfEE/Ws77i /YZfcdtx2GXQfsUb bTUElXAYYfn37v6f F9/Mi44EybIPjt2 vXXXn/jzbdudPy33 3n3vfdv3vrgOy1LR egRkVyq4xhrypmgR 4YZTo8LRXEec/os nn9h3z87pUozKZ6a ZUGnOU4FmzGCDahO bh5XUeNkotJ4WgX9 3b3xKBxvB/1wvBP s74EQDEc7w/0asRn aijh4TvBJ/MMcRWW BlZKLLWQyKtDW0t We3OyCbfOgy0K4Fr re+nlycqvza5RIUu ZUGMKx1pMwKMy0ws owwmntR6WmBSZzn NLqbKYwcVQTXRZUT SthMhcaSzk3ONYuG kSBc6qnVbP9GvVAk 6CZVPATBjVa18LM 9qYVE0VpqCArg1nJ kZHIJhYlTFFi+BIE TBSDoBHJMIRpIP2+ ExLmqQREltc9lBl TfDYYEINFX6p0UMz Twfl73TYrNC0hSTK hrzJl5MwxJsy0co hzneN2tkCpl3lcI0 dLBZRF4baHVeo6HU cJ9ddzVtSo04OC5F hAPZGQTCQguJXJw bbTiyVPkI0ERXHuA KBsJcfqzP1qAnEYl tO60yOlUuDVrvxI0 0aAEoIz2EiRNyjH Ftomp4mre/TgwQOj sDBSct1EhDmXC2T1 9LmAdsZLNx1Qdl6A YMGdnqJJSSjsQKV MuBVLFS4yqETtpgj 6QqS08YAQ6jVdB0O EcPJjqc2CJZALKk 6ZkiJvJ+0UKyYVnf 3fHpxXGTSnsgbOHi a0VLKgWMAAMEVK6N f5T2AIhY6pWkAHM VHR52VDE3WlobWt0 OlxHFOONm80stDzZ X+N8yNi/UFFqpgVk lM94FSkJjsI+yHJ 6wvvTyU3EM8gAa7D AvI4UzKHfknowRh6 nAkUFens0AZ5+C04 QaVgRqNXerCEeBC Ah0LqPoqpWVAwDhA WCQqvMo/LvEDxoM/ AP8O8sfWjDerzA2 0o5ib7FHJglaihuW b03eEGauarClgYZ7 HCalnpDBdU9/OSGw YTYoA/mi7TyKqWT bjNrlGTYHAp6ILIH OYnAYpO6fO6inRJC LQ8X8KqBeANAKj/B cCPEjoDt82UwtSo OXRqXT18+vXjurp3 z9Jv7WIKLk2sWJqZ mJe0ruBMqOFMGAVh sA2NCvS9C6fCWtw fja6yTxXk+dx0DN9 Zwe/tjtdSuLd3lWE T3NpsbydYg0fDnb UEp1FQu6m2pHFFx2 NCYGp03UpiDPB6Ek 5BojCplV0rdlajbo giCoiNwsltVMZYW auej+B0AxZTK//gB qu66oZ1K6pmS5DB+ mWxuu1CjQa5xVPnx OE7m4gI5Tytmr9V 5pp0fzwMWkFbgLqI g+xejYovomzZr4bN XRiEeTVOXsRJZXl uBXRrYUcDCHNeT4b T1Woi4ZrC8XJb0Zx aDkIFI6ZUdHtzvZm iqBmQCQx5JtWB1U /R7W54B1Vb3eFWfb /9lS8VXjwGy3oymk 7WFVzV3n5x7b9+6Z envu28KAEvk25oP zXsCyhtdgfdvQurU R9mHVb3rV/bQBe9+ hBMDz199NX37pEGk G0EjGZbvnUneQkl t5gkgZlRK/LtF9BU uVTQKiK9jNz09+qA ibkkc4Q5S18cKhf RDZ/pDXrFbhnFib6 EJJiTDQ4SzYDBmni QnMG9SaqECTii4c5 jH7gHhu1b32XhaN jf74ffDLuH4/WF8I b3kfeJd9sLvV3v0H voPfGOPOL97P3u/e n95f/i/+H/7f+zg l6/trb50HMe/9//A OTaB2k=</latexit ><latexit  sha1_base64="Qy S4uEi7ltImRa/aZr m75nB7SZ8=">AAAL Q3ichVbNb9s2FFe 7r1r7arfjLtwcYy2 Q2pLtNMmKDAG2Ai3 WAd3QrMEsL6AoWu JMkSpJxfEE/Ws77i /YZfcdtx2GXQfsUb bTUElXAYYfn37v6f F9/Mi44EybIPjt2 vXXXn/jzbdudPy33 3n3vfdv3vrgOy1LR egRkVyq4xhrypmgR 4YZTo8LRXEec/os nn9h3z87pUozKZ6a ZUGnOU4FmzGCDahO bh5XUeNkotJ4WgX9 3b3xKBxvB/1wvBP s74EQDEc7w/0asRn aijh4TvBJ/MMcRWW BlZKLLWQyKtDW0t We3OyCbfOgy0K4Fr re+nlycqvza5RIUu ZUGMKx1pMwKMy0ws owwmntR6WmBSZzn NLqbKYwcVQTXRZUT SthMhcaSzk3ONYuG kSBc6qnVbP9GvVAk 6CZVPATBjVa18LM 9qYVE0VpqCArg1nJ kZHIJhYlTFFi+BIE TBSDoBHJMIRpIP2+ ExLmqQREltc9lBl TfDYYEINFX6p0UMz Twfl73TYrNC0hSTK hrzJl5MwxJsy0co hzneN2tkCpl3lcI0 dLBZRF4baHVeo6HU cJ9ddzVtSo04OC5F hAPZGQTCQguJXJw bbTiyVPkI0ERXHuA KBsJcfqzP1qAnEYl tO60yOlUuDVrvxI0 0aAEoIz2EiRNyjH Ftomp4mre/TgwQOj sDBSct1EhDmXC2T1 9LmAdsZLNx1Qdl6A YMGdnqJJSSjsQKV MuBVLFS4yqETtpgj 6QqS08YAQ6jVdB0O EcPJjqc2CJZALKk 6ZkiJvJ+0UKyYVnf 3fHpxXGTSnsgbOHi a0VLKgWMAAMEVK6N f5T2AIhY6pWkAHM VHR52VDE3WlobWt0 OlxHFOONm80stDzZ X+N8yNi/UFFqpgVk lM94FSkJjsI+yHJ 6wvvTyU3EM8gAa7D AvI4UzKHfknowRh6 nAkUFens0AZ5+C04 QaVgRqNXerCEeBC Ah0LqPoqpWVAwDhA WCQqvMo/LvEDxoM/ AP8O8sfWjDerzA2 0o5ib7FHJglaihuW b03eEGauarClgYZ7 HCalnpDBdU9/OSGw YTYoA/mi7TyKqWT bjNrlGTYHAp6ILIH OYnAYpO6fO6inRJC LQ8X8KqBeANAKj/B cCPEjoDt82UwtSo OXRqXT18+vXjurp3 z9Jv7WIKLk2sWJqZ mJe0ruBMqOFMGAVh sA2NCvS9C6fCWtw fja6yTxXk+dx0DN9 Zwe/tjtdSuLd3lWE T3NpsbydYg0fDnb UEp1FQu6m2pHFFx2 NCYGp03UpiDPB6Ek 5BojCplV0rdlajbo giCoiNwsltVMZYW auej+B0AxZTK//gB qu66oZ1K6pmS5DB+ mWxuu1CjQa5xVPnx OE7m4gI5Tytmr9V 5pp0fzwMWkFbgLqI g+xejYovomzZr4bN XRiEeTVOXsRJZXl uBXRrYUcDCHNeT4b T1Woi4ZrC8XJb0Zx aDkIFI6ZUdHtzvZm iqBmQCQx5JtWB1U /R7W54B1Vb3eFWfb /9lS8VXjwGy3oymk 7WFVzV3n5x7b9+6Z envu28KAEvk25oP zXsCyhtdgfdvQurU R9mHVb3rV/bQBe9+ hBMDz199NX37pEGk G0EjGZbvnUneQkl t5gkgZlRK/LtF9BU uVTQKiK9jNz09+qA ibkkc4Q5S18cKhf RDZ/pDXrFbhnFib6 EJJiTDQ4SzYDBmni QnMG9SaqECTii4c5 jH7gHhu1b32XhaN jf74ffDLuH4/WF8I b3kfeJd9sLvV3v0H voPfGOPOL97P3u/e n95f/i/+H/7f+zg l6/trb50HMe/9//A OTaB2k=</latexit >
aggregation step 2
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Fig. 7. Lagrangian mediation for λkb ≥ 0. If y¯kb > ykb , then λkb increases
by ∆λkb between ADMM iterations. This increase produces an incentive for
raising ykb and lowering y¯
k
b , which reduces the gap between them. The amount
of change in ykb and y¯
k
b depends on the remaining constraints and objectives.
Proposition 4. For Alg. 2, the following is true.
(i) After each algorithm iteration, all buildings have the
same Lagrange multiplier, i.e., λ1 = · · · = λM . We write
Λ := λb for any b, where Λ = (Λ1; ... ; ΛN ).
(ii) The Lagrangian update (step 3 in Alg. 2) can be written
as Λ← ρM Y − Ω.
(iii) For a converged solution (Λ, Y, {yb}b), the Lagrangian-
based allocation rΛb = Λ
>yb satisfies
∑
b r
Λ
b = R.
(iv) For a feasible suboptimal solution
(
Y F , {yFb }b
)
that is
obtained with Prop. 3, and
ΩF := ρM Y
F − Λ (15a)
ΛF := 1N 1N×N
(
ΩF + p
)− ΩF , (15b)
where Λ is obtained from the last algorithm iteration, the
reward allocation rΛb = (Λ
F )>yFb satisfies
∑
b r
Λ
b = R.
We show the proof of Prop. 4 in Appendix B-D. In (i), we
define the alternative price vector Λ as the building-invariant
Lagrange multiplier. While the Lagrange multiplier is the
same for all buildings, it still varies over the bidding time,
indicating hours where provision is difficult. In Statement (ii),
we provide a simple equation for Λ. Statement (iii) verifies
that the allocation scheme distributes not more or less than
the total reward R, and Statement (iv) makes it possible to
use Lagrangian-based allocation after feasible extraction. We
interpret the building-invariance of the Lagrange multipliers
as follows: λb mediates between building proposal yb and
aggregator demand y¯b. However, the aggregator does not use
any building-private information. In other words, it decides
on the reserve demand y¯b without being able to differentiate
between the buildings. Therefore, it always asks for the same
change y¯b − yb, which results in the same multipliers.
The Lagrangian-based allocation provides an incentive to
reduce provision imbalance. Hence, it strengthens the group’s
capability to provide reserves, which means that the aggre-
gation grows more resilient against failures and configuration
changes. However, in some situations, a pure utilization of
the new allocation scheme can be overly extreme for being
economically acceptable, which becomes clear from Fig. 8.
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Fig. 8. Lagrange multiplier Λ, which results from to the example in
Fig. 6. The reward concentrates in one point as a constraint limits the reserve
provision only in a single time instant and the buildings are dynamic-free.
While the extreme reward concentration in Fig. 8 is specific
to the constructed example, unrewarded hours can also occur
in more generic setups. To alleviate this, we can use a mixed
reward α rb+(1−α) rΛb with an acceptable weight α ∈ [0, 1].
IV. SIMULATION STUDY
We apply ADMM-based reserve bidding in simulation,
considering a 24-hour bidding period with hourly discretiza-
tion. We use a test set of 300 building models, each generated
by random perturbation from one of the following prototypes.
(i) Small building, obtained from [33, Section 4.5]
– 3 states for temperatures, using comfort constraints
between 21◦C and 25◦C when the building is occupied
– 4 constrained inputs for radiator, cooled ceiling, floor
heating, and mechanical ventilation
– 3 modeled disturbances for outside temperature, solar
radiation, and occupancy
(ii) Medium-sized building, obtained from [37]
– 33 states for temperatures, using comfort constraints
between 20◦C and 28◦C when the building is occupied
– 5 constrained inputs: 4 for blinds and 1 for heating
– 7 modeled disturbances: 1 for occupancy, 2 for ambient
and ground temperature, and 4 for solar radiation
(iii) Large building, obtained from [37]
– 113 states for temperatures, using comfort constraints
between 20◦C and 28◦C when the building is occupied
– 9 constrained inputs: 4 for blinds and 5 for heating
– 11 modeled disturbances: 5 for occupancy, 2 for ambi-
ent and ground temperature, and 4 for solar radiation
We classify the buildings in residential (mainly occupied
during nighttime) and commercial (mainly occupied during
daytime). Usually, the buildings provide most reserves while
being unoccupied, as they are less restricted then. To obtain
tractable bidding problems, we use linear decision rules as
in Appendix A and [22, Section 4]. We use free licenses for
Yalmip [41], Gurobi [42], Julia [43], and JuMP [44].
A. Example Scenario for Six Buildings
We sample six buildings from the test set and obtain an ag-
gregated reserve bid with Alg. 2. Fig. 9 illustrates the resulting
bids y1 to y6 (bottom), and the Lagrange multiplier Λ (top).
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Fig. 9. Example scenario of six buildings placing a joint reserve offer by solv-
ing (6). The horizontal axis shows the bidding period. The day-night provision
pattern identifies three residential (blue) and three commercial (red) buildings.
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In Fig. 9, we show the bids y1, ... , y6 as a fraction of
the combined bid Y (not illustrated), which adds up to
be time-constant. In a separate simulation, we solve the
individual problem (4) for each building, and we compare the
result to the solution of the aggregated problem as illustrated
in Fig. 9. We observe that aggregated bidding with (6) yields
a combined bid Y that is 57% larger than the accumulation of
individual solutions from (4). This considerable aggregation
advantage results from having a mixed group of residential
and commercial buildings, which complement each other
for satisfying the time-constant constraint. For the Lagrange
multiplier, we see a day-night pattern that indicates a
provision shortage at night. Hence, the commercial buildings
are under-represented, and Lagrangian-based allocation places
an incentive for more commercial buildings to join the group.
B. Analysis of the Necessary Number of ADMM Iterations
The feasible extraction scheme presented in Section III-D
provides the opportunity to terminate the algorithm before it
converges to a feasible solution. Therefore, the decision for
algorithm termination only depends on the objective value
J ({ub(·)}b, Y ) :=
M∑
b=1
c>b ub(0)− p>Y. (16)
Fig. 10 shows how many ADMM iterations are necessary un-
til the feasible-extraction objective JF := J
({uFb (·)}b, Y F )
comes within 1% of its precomputed optimal value J? > 0.
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Fig. 10. Required iterations of Alg. 2 for reaching |JF − J?|/J? ≤ 1%
depending on the aggregation size M . For each aggregation size, we sample
ten combinations of buildings from the building test set, and we show the
average and range of the necessary number of ADMM iterations.
In Fig. 10, we observe: (i) on average only 18 ADMM
iterations are needed to come within 1% of the best-achievable
objective; (ii) the range between different instances of the
same aggregation size is about ±7 iterations; and (iii) the
ADMM convergence characteristics (average and range) are
fairly constant with the aggregation size. We expect the
low number of iterations (i) and the small range (ii) as
we have concentrated the main computational effort into
the building-individual updates, which leaves a comparably
simple and invariant task to the ADMM-based negotiation
process. For the invariance to the aggregation size (iii), we
note that the closed-form aggregation step (10) only depends
on averaged information Ω. Hence, the mediation effort is not
expected to vary with the number of buildings that contribute
to this average. With feasible extraction and the observations
from Fig. 10, we can be confident to use the simplest
possible ADMM termination criterion, namely just stopping
after a fixed number of iterations (e.g., 25). Besides being
conceptually simple, this stopping criterion also leads to a
fixed number of communication rounds between the buildings,
making the entire decision process well-timed and easy to
handle. In particular, given that we impose a time-limit for
solving the building-individual problem, the total negotiation
time for obtaining a joint reserve bid is constant.
V. CONCLUSION
We discuss how flexible energy consumers, particularly
buildings, can collaborate to provide frequency reserves in a
reserve market setting. We show that when we use a distributed
ADMM-based approach, we obtain conceptual benefits, such
as low set-up costs, fully-decentralized computation, scalabil-
ity, privacy, flexibility, and autonomy in the participating build-
ings. We also show that ADMM provides a reward allocation
scheme that reduces provision imbalance and therefore places
an incentive to strengthen the group. Finally, we emphasize
the practicality of our approach by describing feasible extrac-
tion schemes, leading to a predictable stopping criterion and
therefore a constant time for obtaining a joint reserve bid.
APPENDIX A
TRACTABLE FORMULATION OF BUILDING CONSTRAINTS
In [18], [22], three steps are taken to obtain a tractable
reformulation of (5). First, the uncertain reserve request
s ∈ [−y, y] is represented through the normalized distur-
bance ζ = (ζ1; ... ; ζN ) ∈ [−1, 1] ⊂ RN , such that s =
s(ζ) = diag(y) ζ. This parametrization has the advantage that
the normalized uncertainty set [−1, 1] is independent of the
decision variable y, which simplifies the maximization of the
uncertainty set [−y, y] [18, Section 3]. In a second step, the
control policies u(s) and ∆u(s) are reparametrized with re-
spect to the normalized disturbance as u˜(ζ) and ∆u˜(ζ), which
is still non-restrictive [18, Prop. 3]. In a third (restrictive) step,
affine parametrizations u˜(ζ) = Kζ + κ and ∆u˜(ζ) = Fζ are
used, where K,F ∈ L ⊆ RNm×N , L is the set of lower block-
diagonal matrices, and κ ∈ RNm is a vector. The optimization
is then performed over K, F , κ and y, which results in
C = { (u(·), y) ∣∣ ∃ (K,F, κ, u˜(·),∆u˜(·), x(·)) s.t.
u˜(ζ) = u(diag(y) ζ) = Kζ + κ, ∆u˜(ζ) = Fζ, K, F ∈ L,
x(ζ) = Ax1 +B[u˜(ζ) + ∆u˜(ζ)] +Ev,
(x(ζ), u˜(ζ) + ∆u˜(ζ)) ∈ X × U ,
y = (IN ⊗ η>)Fζ
∀ζ ∈ [−1, 1]},
(17)
which is consistent with (5) if F contains linear functions
only. Note that (17) has an infinite number of constraints. By
following the procedure in [22, Section 4], the resulting prob-
lem can be written as an exact dual reformulation with finitely
many constraints. While the problem is convex and finite-
dimensional, its solution remains computationally challenging.
The reason is that the parametrization of the input u˜(·) with the
matrix K introduces a large number of decision variables. One
way to reduce the computational complexity, at the cost of an
increasingly conservative solution, is to impose structure on K.
Popular strategies include restricting K to be block-diagonal,
or even setting K = 0, which means that u˜ is preallocated
and only ∆u˜ depends on the actual reserve request.
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APPENDIX B
PROOFS
A. Proof of Proposition 1
Problem (7) is equivalent to (6). Finite-dimensionality of C
makes it possible to use the convergence result in [10]. We
need the functions f, g to have a nonempty, closed, and convex
epigraph, which is given by (9) and convexity of Cb. Further,
due to Cb 6= ∅, there is a feasible solution with yb=Y = 0.
B. Proof of Proposition 2
To simplify the notation, we use y := (y1; ... ; yb) and
similarly y¯ and λ. The aggregation step then becomes
min(Y k,y¯) λ
>y¯ + ρ2‖y¯ − y‖22 − p>1N×1Y k (18a)
s.t. 1N×1Y k = (11×M ⊗ IN )y¯, (18b)
where Y = 1N×1Y k, i.e., Y is parametrized by a single de-
cision variable Y k ∈ R, ensuring that Y 1 = Y 2 = ... = Y N .
To avoid confusion with the solution of Alg. 2, we denote the
solution to (18) as (Y k, y¯). According to [45, Section 16.2],
this solution satisfies the KKT conditions 0 = 11×N (η + p),
y¯ = y+ 1ρ (−λ− (1M×1 ⊗ IN )η), and 1N×1Y k = (11×M ⊗
IN )y¯, where η is the optimal value of the Lagrange multiplier
associated to (18b). By using the Schur-complement method
in [45], we show that the KKT system is solved by
Y k = 1ρN (11×NM (ρy − λ) +M11×Np) (19a)
η = 1M
(
(11×M ⊗ IN ) (ρy − λ)− ρ1N×1Y k
)
(19b)
y¯ = 1M (M − 1M×M ⊗ IN )(y − 1ρλ) + 1M INM×1Y k, (19c)
where we can write (19c) component-wise. By using
Ω = 1M (11×M ⊗ IN )(ρyb − λb) we conclude the proof.
C. Proof of Proposition 3
Y F satisfies the time-constant constraint (6d). From (12b)
it is
∑M
b=1 (y
k
b )
F
= Y F , i.e., (6c) is satisfied. It remains to
show that (12c) has a solution for all b. Due to
∑M
b=1 y
k
b ≥
(Y k)
F , equation (12b) ensures that (ykb )
F ≤ ykb . Hence, by
construction of C in (5), (12c) is always feasible.
D. Proof of Proposition 4
Inserting (10c) in step 3 of Alg. 2 yields λb = ρM Y −Ω for
any b, which proves (ii). (i) follows as Y and Ω are aggregated
quantities. In (iii), we consider solutions with y¯b = yb, which
we combine with (10b), (10c) to Λ = 1N 1N×N (Ω + p) − Ω.
(iv) gives the same relation for ΛF ,ΩF . In both cases, we
multiply 11×N from the left and use 1N 11×N1N×N = 11×N .
The result is 11×NΛF = 11×Np. (iii) and (iv) follow from
writing 11×N as sum and multiplying Y F from the right.
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